We study the quantum cosmology of a five dimensional non-compactified KaluzaKlein theory where the 4D metric depends on the fifth coordinate, x 4 ≡ l. This model is effectively equivalent to a 4D non-minimally coupled dilaton field in addition to matter generated on hypersurfaces l = constant by the extra coordinate dependence in the fourdimensional metric. We show that the Vilenkin wave function of the universe is more convenient for this model as it predicts a new-born 4D universe on the l ≃ 0 constant hypersurface.
Introduction
The subject of initial conditions is one of the most important questions in cosmological models. Unlike a classical system where the dynamical equations are solved subject to the initial conditions, for cosmological models there are no initial conditions external to the universe to be considered for solving the Einstein equations. This is because there is no time parameter external to the universe. We know that the issue of initial conditions in classical cosmology corresponds to a boundary condition problem in quantum cosmology. Therefore, it seems that the initial conditions should be introduced, from the outside, within some boundary conditions. Two well-known proposals commonly used in the literature are the Hartle-Hawking no boundary proposal [1] - [4] , and the Vilenkin tunneling proposal [5] - [9] . The first proposal is that the universe has no boundary in 4D Euclidean space and the second one states that only the outgoing modes of the wave function should be taken at the singular boundary of superspace.
Some attempts to generalize these proposals to higher-dimensional Kaluza-Klein cosmologies, to find a reasonable explanation to the large separation of the scale of the observed threedimensional universe and the scale of the extra dimensions have already been done [10] , [11] .
In these works, the extra dimensions were supposed to be stable and compactified by a cyclic symmetry to a small size.
In this paper, we follow another approach and investigate the quantum cosmology of a non-compactified Kaluza-Klein theory developed by Wesson and co-workers [12] - [15] . Unlike the usual Kaluza-Klein theory in which a cyclic symmetry associated with the extra dimension is assumed, the new approach removes the cyclic condition on the extra-dimension, and derivatives of the metric with respect to the extra-coordinate are retained. This induces non-trivial matter on the hypersurfaces of l = const.
Our goal is to investigate the effect of the l-dependence of the metric on the quantum cosmology of a simple model and obtain the relevant initial condition on the fifth coordinate.
We find that while the Vilenkin wave function leads to probability distribution of quantum tunneling peaked around the l ≃ 0 hypersurface, the Hartle-Hawking wave function leads to large l values corresponding to highest probability for the birth of a Lorentzian universe.
This leads us to choose the Vilenkin wave function as the more convenient one for the non-compactified Kaluza-Klein theory, since it seems unnatural that the 4-dimensional universe was born very far from the l ≃ 0 constant hypersurface.
Wheeler-DeWitt equation
In this non-compactified Kaluza-Klein theory we choose the general 5-dimensional metric as:
Here l is the fifth coordinate, andN (t, l) = N(t)f (l),â(t, l) = a(t)χ(l) are the l-dependent separable lapse function and scale factor respectively. Also k = 0, ±1 is the curvature, b is a parameter, σ(t) is a dilaton field and ǫ = ±1 which leaves the signature of the fifth dimension general. The l-dependence of the 4D geometry, namelyN(t, l) andâ(t, l) indicates that the cyclic condition on the fifth coordinate is removed. The Ricci curvature scalar is calculated to
Inserting the scalar curvature into the 5D vacuum Einstein-Hilbert action
leads to the following effective action
Here
and the dilaton field potential is
The Hamiltonian form of the action can be written
whereN appears as the Lagrange multiplier. The variation of the action with respect toN leads to the Hamiltonian constraint
Since no lapse function N(t) appears in the Hamiltonian, it is an indication of the invariance of the Hamiltonian under time reparametrization. This means N(t) has no physical importance and we may choose the common gauge in cosmology, namely N(t) = 1. The Wheeler-DeWitt equation in the minisuperspace of coordinates 0 < R < ∞, −∞ < σ < ∞ can then be written
Here p covers the ambiguity in factor-ordering, but since we will restrict ourselves to the semiclassical approximation omitting the first derivatives, this factor is not important [17] .
Then, the Wheeler-DeWitt equation can be rewritten as
where
is the superpotential. In the investigation of the Wheeler-DeWitt equation we need to know the properties of the superpotential W (â, σ). For fixed σ the superpotential consists of two terms, a curvature term kâ and the termâ 3 U(σ), where U(σ) acts effectively as a cosmological term. By appropriate choices for k and ǫ the superpotential may have a maximum necessary for quantum tunneling. However, along the line of fixedâ, the potential U(σ) has no a maximum.
This would suggest that we may concentrate on theâ coordinate as a viable dynamical variable in the investigation of quantum tunneling in theâ direction, and consider the coordinate σ as a parameter. We will discuss this subject in the next section.
The relevant classical cosmology subject to quantization is a closed universe with k = +1. This is because the universes with k = −1, 0 lead to an infinite volume in the integration of the action and so the nucleation probability of the universe in the quantum creation procces would be zero. Thus, we take a closed universe, k = +1. The superpotential (9) exhibits a barrier if the dilaton potential (5) is greater than zero
In the semiclassical approximation we want to find the most probable initial conditions for the classical motion of the universe. This motion is controlled by the superpotential (9) . To this end, we writeâ
and so define a surface of constant superpotential W = 0 in the minisuperspace. In fact, equation (9) describes a superpotential barrier in theâ direction and equation (10) separates the under-barrier region 0 <â <â 0 from the outer regionâ >â 0 . From (10) we can also obtain an equation for f (l) and χ(l):
The presence of a barrier region indicates that we can consider the nucleation of the universe through a quantum tunneling effect as discussed above. Therefore, we proceed to consider the well-known tunneling condition of Vilenkin [9] . Our aim is to find the approximate analytic solutions of the Wheeler-DeWitt equation, under the barrier and beyond the barrier.
Wave function
First, we show a behaviour of the "nothing state" for
According to Halliwell [17] , in order to have a regular solution for the wave function in the limitâ → 0, the wave function should be σ-independent because the coefficient of ∂ 
Introducing the auxiliary variable Γ(â) = Ψ(â)/â 1/2 and the transformation ν =â 2 /2, equation (12) reduces to the modified Bessel equation
whose independent solutions are the well-known modified Bessel functions of order 1/4, I 1/4 (ν), and K 1/4 (ν). Transforming to the old variables, we find the growing solutionâ
and the decreasing solutionâ
To select one of them we will impose a matching condition with the solution (18) forâ ≪â 0 . This gives the decreasing
which is the well-known solution of nothing due to Vilenkin [8] , and goes like e It was obtained by Vilenkin in the limit of smallâ in the 4-dimensional model with topology R×S 3 and inflation, without a dilaton field. Usually, in 4-dimensional cosmology nothing is the nonsingular boundary of the superspace that includes three-geometries given through a slicing of a regular four-geometry [8] , [9] . In higher-dimensional cosmologies, the extra dimensions usually play the role of a scalar field σ in the equivalent four-dimensional model, such that the non-singular boundary of the minisuperspace is the configurationâ = 0, |σ| < ∞. This configuration is called external nothing since the extra dimension is assumed to be nonzero [11] . Now, consider the common Wheeler-DeWitt equation in 4D
The WKB solution of Eq. (15) with Vilenkin boundary condition is well known [9] in the region of the minisuperspace where the potential U(σ) is sufficiently flat, i.e. where
In fact, by assuming the condition (16) the wave function becomes a slowly-varying function of σ. Therefore, one can neglect the derivative with respect to the dilaton field σ. Thus, σ plays the role of a parameter in the Wheeler-DeWitt equation (15) , and the problem is reduced to the one-dimensional minisuperspace model.
In the present model, however, the potential U(σ) = ǫF (l)e −3bσ has a strongly asymmetric form for σ < 0 and σ > 0, and so the condition (16) 
where σ is just a parameter and the problem is essentially identical to the one-dimensional minisuperspace model with the dynamical variableâ. In this approximation, the superpotential barrier becomes wide for σ ≫ 0 which, at first glance, makes it inconvenient for tunneling.
However, due to the function F (l) we will show that the barrier becomes sufficiently narrow for quantum tunneling, even in the σ ≫ 0 sector of the minisuperspace. The solutions of equation (17) are the well-known Vilenkin tunneling wave functions [9] :
and
where Ψ for the regionâ 2 U(σ) < 1 (underbarrier) has the regular behaviour Ψ ∼ e −â 2 2 for a → 0 matching with the nothing solution (14) . We notice that the potential term
plays the role of an effective 4D cosmological term whose properties merit attention. First, the presence of ǫ = ±1 corresponds to positive or negative cosmological term for a given F (l).
But as was discussed before, only the ǫ = +1 case is relevant to quantum cosmology with k = +1, since for ǫ = −1 there is no maximum (barrier) for the superpotential. Second, the presence of the l-dependent term F (l) indicates the contributions of the fifth dimension to the effective 4D cosmological term. Third, for b ≫ 1, if the parameter σ undergoes time evolution from negative to positive values, then a large cosmological term would become a small one very quickly. This is important, as it is in agreement with quantum tunneling and inflationary ideas where the very early universe might have experienced an extremely inflationary era for σ < 0 which was abruptly switched off for σ > 0. This would also be an alternative solution to the well-known cosmological constant problem in that an initially large cosmological term becomes small after the inflationary period.
Considering the function F (l), and (4) and (11), we find that a non-zero F may be achieved by taking linear behaviours for the functions χ or f with respect to l
where a constant L is introduced to preserve physical dimensions. The choice (20) corresponds to the so-called canonical metric [16] , and gives
The cosmological term is then obtained as
with the right dimension of (length) −2 .
One may obtain the probability distribution for the Vilenkin wave function as in [9] :
This is maximized for σ ≫ 0 when l → 0. This condition shows that the 4+1 dimensional universe could have tunneled with a large probability if the fifth dimension was very small, and that a small 4D universeâ 0 ≪ 1 was born on a 4D hypersurface near to the l ≃ 0 hypersurface 1 .
Let us now consider the Hartle-Hawking wave function for this model. In the presence of matter fields φ the Hartle-Hawking wave function of the universe is obtained through the functional integral over Euclidean 4-metrics g αβ (α, β = 0, 1, 2, 3):
Here the domain C is defined by the " no boundary" proposal as all regular compact Euclidean 4-geometries ( the boundary of which is S 3 with the induced 3-metrich i,j (i, j = 1, 2, 3) ) and the regular matter field configurations ( the value of which isφ on the 3-manifold). However, in our model there are no extra matter fields, other than σ which appears as the dilaton field in the 5-metric. In this way, the corresponding Hartle-Hawking wave function is given as
Hereĝ AB (A, B = 0, 1, 2, 3, 4) is the 5-metric, and the domain C is the class of all regular compact Euclidean 5-geometries whose boundary is S 3 × R (R denotes the fifth non-compact coordinate), with the induced 4-metrich αβ (α, β = 1, 2, 3, 4). On the other hand, the present 5D model is effectively equivalent to a 4D non-minimally coupled dilaton field on l =const hypersurfaces. Therefore, using the 5D metric (1), the above integral may be rewritten in its familiar 4D form in the gauge˙N = 0 [1] as:
Here I is the Euclidean action for the model, τ is the Euclidean time andã andσ are the final values ofâ and σ on the 3-geometryh i,j and l =const hypersurface. However, in practice we are usually interested in the semi-classical approximation to the above path integral
where I cl (ã,σ) is the action for the instanton solutions to the Euclidean field equations. The
Hartle-Hawking wave function for the model defined by the Lagrangian (3) is well-known and may be obtained by the following transformation [9] :
).
This yields
Now, the probability distribution for the Hartle-Hawking wave function as given in [9] is
Contrary to Vilenkin's case, this probability distribution is maximized for l ≫ 0 .
This condition, on the other hand, indicates that a Lorentzian universe was born from a mother Euclidean universe with a large probability when the 4D Lorentzian hypersurface was very far from the l ≃ 0 hypersurface.
Discussion
Usually, in quantum cosmology there is a debate on the choice between Hartle-Hawking and
Vilenkin wave functions in concern to the issue of inflation. It is commonly believed that the Vilenkin wave function leads to inflation. However, for some particular models the HartleHawking wave function claims to predict a period of inflation [2] - [4] . So, as far as inflation is concerned, there is no clear way to decide between the two proposals.
In this paper, we have introduced a new way to compare the two proposals in a higherdimensional Kaluza-Klein model by using the extra dimension. We have found that if there is a non-compactified extra dimension, the Vilenkin proposal seems more reasonable than the Hartle-Hawking proposal. In the Hartle-Hawking proposal, a large value of l gives rise to a rather large initial radius of the universe, which seems unnatural. That is, in the Hartle-
Hawking proposal there is no good justification for a big 4D universe which was born on a constant hypersurface l ≫ 0. However, in the Vilenkin proposal the universe starts naturally from a small radiusâ 0 with a large cosmological term Λ ≡ l −2 e −3bσ (0 ≪ σ < ∞) on the l ≃ 0 hypersurface. Although we have solved the problem in the approximation of large positive values of σ, the result l ≃ 0 hypersurface is expected to remain unchanged for the whole domain −∞ < σ < ∞ since σ is independent of l. Therefore, in the full theory the time evolution σ(t) < 0 → σ(t) > 0 will switch off the large cosmological term. This may be considered as a solution to the cosmological constant problem.
